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1 Continuous time

Consider a continuous-time MDP with time in a finite interval ¢ € [0, T'], state vector x; € R",
and control vector u; € R™. Let’s assume deterministic dynamics, such that the velocity
Oy xy = 2y € R™ is given by z; = fi(x,us). Let the instantaneous reward be ry(xy, u;) € R,
and we’d like to maximize the total cost

T
J(u) = J (e, ug)dt,
0
subject to the trajectory z following the dynamics f for the control u, and also having a
given fixed start and end positions xg, z7.
Following the work of Pontryagin, we can consider the Lagrangian of this optimization
problem, with a Lagrange multiplier v, € R"

J(u) = f (re + ve(fe — 2¢))dt.

0
Integrating in parts, we get

T

T
—f vixydt = —vrxr + Voxg + f Tiydt,
0 0

so that
T
j(u) = J (Tt + tht + ItVt)dt — VX1 + VpXg.-
0

Now consider an optimal control u*, and a perturbed control u(e) = u* + €h, with h a
fixed perturbation and e its variable magnitude. We have

J(€) = L (re(wi(e), us(e)) + vefi(wi(e), us(€)) + xi(€)tn)dt — vprr + vowo.



Since J () is maximized at € = 0, we have
T
0=0.7(c) = J (ou 74+ V1 0y o+ 14) et + (us 71+ v2 s f)R)dE.
0
For this to hold for any perturbation, we need
U = —(On, 1t + 14 Oy f) (1)
(?uz T + aut ft = (. (2)

If we consider the Hamiltonia

Moz, we, 1) = rie(@e, wg) + vefowe, ue),

we get that
iy = 0y, H (by @ = fi(we, ur))
I)t = - a:ct %t (by )

We return to the Hamiltonian in the context of discrete time in Section Bl

2 Linear—Quadratic Regulation (LQR)

We now turn to discrete time, but still consider continuous state and action spaces. Such
spaces are hard to deal with in practice. It’s not always clear how to even represent, let
alone optimize, the relevant functions over these spaces.

In this lecture and the next we’ll see a family of models over continuous spaces with
some particularly nice properties. It arises naturally in theoretical physics and in engineer-
ing applications. It gives insight into the behavior of dynamic systems. And it will be
computationally easy to represent and optimize.

As in the previous section, we start with a fully observable, deterministic dynamics
model. This time we consider special (time-invariant) transitions that are linear, that is
i1 = flay,uy) = Azy + Buy, with some matrices A € R"" and B € R™™. We also
consider special costs that are quadratic, that is c¢(x;, uy) = %x} Qr; + %uz Ruy, with some
positive semidefinite 0 < ) € R™*™ and some positive definite 0 < R € R"™*™. The linear
dynamics and quadratic costs is where this model gets its name.

Sometimes this model can be a good approximation of more general dynamics and costs,
and we can simply take the first-order approximation of the dynamics and the second-order
approximation of the costs. In this case, the transitions and the cost could become time-
variant, that is, we’d have A;, B;, Q; and R; vary with time. We would also add lower-order
terms: a constant drift in f and linear and constant cost terms in ¢. These extensions
complicate the introduction but don’t add much insight, so we’ll ignore them here.

We say that a symmetric matrix () is positive semidefinite, and denote it () > 0, if for
any r € R" we have x7TQx > 0. We say that a symmetric matrix R is positive definite, and



denote it R > 0, if for any u € R™ other than 0 we have uTRu > 0. If either of these don’t
hold the model becomes degenerate. If ) or R are not positive semidefinite, then there’s
a direction of x or u where the cost diverges to —oo. If R is positive semidefinite but not
positive definite, then there’s a subspace of the control space with no cost, where we can
optimize for the long term without considering the immediate cost. This is uninteresting,
and it complicates the math a bit, so we’ll require R to be positive definite.

The total cost in state xg and with control sequence uq, uq, ... is

T (zg,u) = Zc(xhut) = Z(%@th + %UIRUt)

t t
s.t. w1 = f(zy,u) = Axy + Buy vVt = 0.

Often we use a finite horizon here, sometimes an infinite horizon. It’s uncommon to see a
discount in this context. In the specific case here that the dynamics are deterministic, we
can talk about an episodic horizon, because the state x = 0 is absorbing, in a sense: once
it’s reached no further control is needed, and the cost-to-go (another term for future return,
i.e. total future cost) is 0. If there exists a control policy that reaches x = 0 from any initial
state, we call the dynamics (A, B) controllable.

We can unfold the state recursion as

Ty = Atl’o + Atleuo + -+ ABut72 + But,l,

or

Ut—1
— Alzg=[B AB ... A-1B]|"?

Ug

Suppose A has rank n, so that the process doesn’t degenerate into a subspace. Then the
uncontrolled dynamics can lead to any state Alxy. For there to exist a sequence uy, . . ., u;_1
that leads to x; = 0, the entire space needs to be spanned by the columns of the controllability
matrix

C=[B AB - A'B].

There’s no point in taking more than n terms in this matrix, because the matrix A satisfies
the characteristic polynomial of degree n, by the Cayley-Hamilton theorem.

We can use Dynamic Programming to find an optimal control policy, one that minimizes
the total cost J. To do that, we need to be able to represent the optimal cost-to-go J*
in time ¢ in a finite way. Since we were able to express x; as a linear function of zy and
the control sequence, so that each c(z;,u;) is quadratic in those variables, so is the total
cost J(u). But we need to represent the optimal cost-to-go J;*(z;), and we may make an
educated guess that this function is quadratic as well. We’ll see in a moment that this is
true, and part of what makes this setting solvable.

The Bellman equation for T-step finite-horizon LQR is

T (1) = rrilin(c(xt, ug) + T (f (2, u))) = mm( 1Qw, + UIRUt + T (Azy + Buy)).



In the continuous-time limit, this equation is called the Hamilton—Jacobi-Bellman equation.
In the discrete-time case, we’ll solve it at the same time that we prove by induction that J,*
is quadratic. This holds by definition for J; = 0. Now suppose it holds for J%, that is

* _ 1.7
jt+1<$t+1) = §$t+1St+1l’t+1>
for some positive semidefinite Hessian 0 < S;,; € R™*". So

T (xy) = Hlltin(%xtTth + %ugRut + %(Awt + Buy)TSii1(Azy + Buy)).

The optimal control is the wu; for which the objective has gradient 0 with respect to u/
Ru + B7Sy11(Azy + Buy) = 0,
which we rearrange to get
u; = —(R+ B1S,,1B) ' BTS, 1 Ax,.
We plug this back into the target function to get

JH(xy) = s2](Q + ATS; 1 A)xy + u] BTSy 1 Ay + %utT(R + B7S; 1 B)uy

a2 (Q + ATSp 1 A)zy + uf BTSp 1 Ay — %UIBTStHAxt

21 (Q + ATSp1 Ay — 32l ATS; 1 B(R + B'Sy41B) ' BT Ay
T
t

x{ Syay,

N N[ N[ N

with the symmetric matrix
Si = Q+ AT(Sp1 — Sp B(R + B7S141B) ' BTS5;41) A.

The form of this equation is called a discrete-time Ricatti equation.

Since we found that J*(z;) is quadratic, it shouldn’t be surprising that its Hessian S;
is independent of x;, and that it can be computed without knowing any of the states or
the control signals, using the above backward recursion. To show that S; is also positive
semidefinite, we could use the Woodbury matrix identity (not shown here), or just note
that, like the immediate cost, the optimal cost-to-go cannot decrease without bound in any
direction of the state space.

We see that in the finite-horizon case the optimal time-variant control policy is also linear

up = Lyxy,
with the feedback gain matrix

Lt == _(R + BTSt+1B)7lBTSt+1A.



3 The co-state and the Hamiltonian

For deterministic dynamics ;11 = f(x¢,u;) and cost rate c(zy, u;), we can ask how sensitive
the total cost J(u) is to small perturbations in the state. More precisely, we can look at the
gradient of

Ti(@e,u) = c(@, we) + Tper (f (20, ), u)
with respect to z;. This gradient is a row vector called the co-state v, € R", and is given by
Vg = viﬂt\% = vl'tct + v$t+1k7t+1 ' Viﬂtft = viﬂtct + Vt+lthft7 (3>

where V,, f; € R"*" is the Jacobian of the dynamics. This is a linear backward recursion,
initialized by

vr = 0.
We can now define the discrete-time Hamiltonian
He = (@, up) + vegr (@4, uy).

The Hamiltonian in control theory is related to the one in physics, but is not the same. Our
Hamiltonian is, in a sense, a first-order approximation of the total cost J;. It has the correct
immediate-cost term c¢(z, u;), and an approximation of the future cost J;41 to first order in
Zip1 = f(x,uy). The Hamiltonian defines at the same time the backward dynamics of the
co-state

v = Vi, Hi, (4)
by 7 and the forward dynamics of the state
Ti41 = Vl/t-i-l,}_lt‘ (5)

We can also write our total cost objective as

T—1
J = Z (Hi — veg12e41)-
t=0

In this equation, when the Hamiltonian is plugged in, the co-state 1,1 plays the role of a
Lagrange multiplier for the constraint z; .1 = f(zy,u;). It shows that

vuij = Vuthy
so that the optimal control is obtained when for all £ > 0
Vu,He = 0. (6)

The system of the nT" variables x;, the mT" variables u;, and the nT variables v, may be
determined by the nT" equations ([4), the nT" equations (f]), and the mT equations (6). In gen-
eral these equations are nonlinear, and there may be more than one solution, corresponding
to local minima.



In the linear—quadratic case, the Hamiltonian is quadratic
H; = %xIth + %quut + Vi1 (Axy + Buy),
and the equations get the linear form

Tip1 = Axy + Buy
vp = v A+ a]Q
Ru, + BTy, =0,

with the mixed (initial and terminal) boundary conditions of a given xy and vy = 0. Let’s
show by induction that the unique solution to these equations is

VJ = Stl't

U = Ltﬂft.

This holds for time T, since St = 0. Now assume it holds for time ¢ + 1, and prove for time
t. We have

0= Rut + BTVJ_,’_l = Rut + BTSt+1£L't+1 = (R + BTSH_lB)’LLt + BTSH_lALEt,
so u; = Lyx; and

v = AT + Quy = ATS 2041 + Qg
= (Q + ATSt+1A)ZL't + ATSt+1BUt
= (Q + ATSt+1A — ATSt+1B(R + BTStJrlB)ilBTStJFIA):L’t = Stﬂft,

as required.
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