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1 LQR with Gaussian process noise

In the stochastic control setting, the state transition is not deterministic, but stochastic.
Since the space is continuous, the distribution of x;,; given z; and u; should be continuous
as well, with some density function p(x;;1|x;, us). To continue looking at a family of models
that is principled in physics and engineering, and that has nice computational properties,
we consider the Gaussian distribution.

Suppose that

Tip1 = Axy + Buy + wy,

where w; is Gaussian noise with mean 0 and covariance ¥, (again we omit any drift in the
mean of the noise for the sake of simplicity). The variables w; for different times are taken to
be independent and identically distributed, similar to the Markov property of MDPs. The
noise corresponds to fluctuation in the state transition, i.e. uncertainty that results from the
state being described at some intermediate level of accuracy, and not in full physical detail.
In the continuous-time limit, this state transition equation becomes the Langevin equation,
with Bu as an external field.
Now we are interested in minimizing the expected cost-to-go
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The Bellman equation becomes

T (1) = H}jn Emm\mt,ut~N(Axi+But,zw)[C(% ug) + ‘th—l(xt+1)]
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Again we’ll solve it for a T-step finite horizon, at the same time that we prove by induction
that J* is quadratic, this time with a constant term. Again J;' = 0. Suppose that

T (@) = %$I+1St+1$t+1 + J741(0),

with some positive semidefinite Hessian Sy, ;.
An important fact about a random vector x with mean p, and covariance ¥, is that for
any matrix S

E[z7Sx] = plSp, + tr(S3,).
So
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*7:‘,*<‘rt> = qu}n EItJrl|zt7UtNN(A$t+But72w)[E‘TIth + §ugRut + i‘r;fr-i-lStJrlxtJrl + ‘Zil(o)]
t

= rriin(%xIQa:t + %utTRut + %(Axt + Buy)"Sy1(Azy + Buy)) + %tr(StH Xo) + T4 (0).

The minimization objective is the same as in the deterministic case, so the control policy is
the same, and so is the Hessian S;. The only difference is that now J;* has an additional
constant term

T
T (xy) = 2] Sy + Z $tr(Sp o).

t'=t+1

This constant is a noise—cost term, representing the cost-to-go of the process noise. It cannot
be controlled by the immediate control signal u,;, although its magnitude is determined by
Sy, which assumes future optimal control.

In the infinite-horizon setting, under some conditions, the Hessian will converge to a self-
consistent solution of the Ricatti equation, which is then called an algebraic Ricatti equation

S=Q+ AT(S— SB(R+ B'SB)"'BTS)A.

Then the relative weight of the term %xTSx in the cost-to-go tends to 0, and the average
cost becomes %tr(S ¥.,). Note how the average infinite cost doesn’t depend on the state in
any finite time.

2 Linear—Quadratic Estimation (LQE)

In a continuous space problem, when observability is partial, the agent’s belief of what
the state may be is a continuous distribution over the world state given the agent’s past
observations. We again focus on the simplest interesting case, where the dynamics are linear
and the distributions Gaussian, and for now we assume that the system is uncontrollable.
This model is a special case of a Hidden Markov Model (HMM), but with continuous state
and observation spaces, instead of discrete ones.

In addition to the Gaussian process noise, we now also have Gaussian observation noise.
Let the observation in time ¢, denoted by 3, € R, be given by 3, = Cx; +1);, where C' € RF*",



and the observation noise 1, is Gaussian with mean 0 and covariance matrix ¥,. All the
noises wy, Yy are independent random variables (they have no parents in the Bayesian network
describing the process).

The whole stochastic process of states and observations can be expressed as a giant linear
transformation of x, plus some high-dimensional Gaussian noise. The process is therefore a
Gaussian process: all the variables are jointly Gaussian, while also keeping their Markovian
independence properties.

An important property of jointly Gaussian variables, is that their conditional distribu-

tions are also Gaussian. If x and y are jointly Gaussian with mean lu I] and covariance
y
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covariance of x when y = vy, is given:

], where ¥, has full rank, we have the following formula for the mean and the

/'l/m|y0 = E[$|y0] = ,u/m + E;py 2;1(y0 — I[,Ly)
Zapyo = cov|zlyo] = Bp — Ty Ty By

One way to prove this is by direct computation from the density function of the Gaussian
distribution. An easier way is to see that the Gaussian variable z = z + 3., 3 Yyo — 1),
representing “x|y,”, is independent of y:

cov|z,y] = cov]z + 3y Z;l(yo —y),y| = cov[z,y] — Xy E;l cov[y] = 0.
This means that

[z|yo] = B[z — Yy Egjl(yo — Yy = yo] = E[2]yo]
[Z] = E[l'] + E:L’y Zgl(yo - E[y]) = fg + E:L’y Egjl(yo - ﬂy)a

Hazlyo =

E
E
and

Salyo = covlz|yo] = cov]z — Tay 57 (yo — )|y = yo] = cov[z|yo]
= cov[z] = cov|z] — cov|[z,y] Z;l Yz — Loy E;l covly, ] + X,y Z;l cov[y] E;l Yys

and similarly higher normalized moments are 0, as required.

The algorithm that performs belief propagation, that is, updates the belief with each new
observation, is called the Kalman filter in this case (in continuous time: the Kalman-Bucy
filter), and the belief it keeps is called a Linear—-Quadratic estimator (LQE).

The posterior distribution b;(z|y<;), and similarly the predictive distribution b}(x;|y<),
are Gaussian. This means that they can be represented by their means z; and 7}, and
their covariances Y; and X}, respectively. We can compute these sequentially with Bayesian
inference, but we need to see that the computation is practical.

The prediction step is

3A71/t+1 = E[$t+1‘y<t] = E[Axt + wt\ygt] = Az,
Y1 = cov[Tipr|y<t] = cov[Az + wily<] = AL AT+ X,



The update step computes the mean

| = E[(ze|y<e)|(y:y<i)]

= Elzi|y<] + covlze, yely<i] covlyely<e) ™ (e — Elyily<])

= B[]y + cov[zi]y|CT(C cov[z |y~ ]CT + Ty) " (y: — C Elwi]y<])
— &+ X OO CT + Sy) Ny — C).

Ty = E[$t|y<t

Recall our assumption that ¥, is full-rank, otherwise the observation can be represented in
a lower dimension. The term e; = y, — C2;} is the prediction error (also called innovation),
i.e. the error in predicting y; based on previous observations. To update the covariance we
compute

S = covlmly<] = covl(ziy<e)|(yely<t)]
= cov[z¢|y<t] — cov[zs, Y|y <] cov[yt|y<t]_1 cov|ys, T¢|y<i]
= cov[zi|y<t] — cov[zi|y]CT(C cov[zi|y]CT + y) ' C cov]m|y]
=Y - C (O, CT+%,) 0.

Again we see that the Bayesian belief can be computed sequentially, using only the
previous estimator and the current observation. It involves simple linear algebra, with the
most computation-intensive operator being matrix inversion. The inference step consists of
updating the mean vector linearly

Ty = Az + Koy = (I — K, C) Az + Kyyy,
where K; is the Kalman gain
K, =%,C(CY,CT+%,) ",
and updating the predictive covariance matrix with a Ricatti equation
N = A -, CT(C S, CT+%,) 'CE)AT + 5, .

Note that no actual observations are needed to compute the estimator covariance. The
prior mean is 0 and the prior covariance is

S, = AS,, AT+ 5,

Tt+1

Obviously the estimator is improved and the covariance reduced by considering the observa-
tions. But we don’t need the observations in order to compute by how much the estimator
is improved. In an infinite horizon, the covariance is the solution to the algebraic Ricatti
equation

Y =AY -YCON(CY CT+3,) 'CY)AT + 3,

which can be hard-coded into the agent, eliminating the need to invert matrices in real time
during execution.



The mean z; is an unbiased estimator for z;, so
:%t = Tt + €¢,

where ¢, is some Gaussian estimation noise with mean 0 and covariance ,. The Bayesian
estimator is a sufficient statistic of the observable history for this hidden state, which implies
that it minimizes the variance z] X; x; along any component z;, and so it minimizes the
estimator covariance Y;,, i.e. the estimation noise X,.

In fact, there’s a deep connection between inference and control, and in particular between
sufficient inference and optimal control. Let’s take another look at the recursions for the
estimator covariance and the cost Hessian

Y= A -3, CT(C T, CT+ %) 'O T)AT + 3¢
S, =Q+ AT(S;41 — Sy 1B(R+ BS;,1B) ' BTS,,1)A.
Obviously they have a common structure, so that one problem can be mapped to the other by

mapping their components. This is a classic demonstration of the duality between inference
and control, summed up in the following table.

LQR LQE
backward | forward
St_4 DI
A AT
B CT
Q ¢
R oy

A different view of the duality can be obtained through a variant of the Kalman filter
called the information filter, where instead of the estimator covariance 3, we compute its
inverse, the estimator precision. The resulting duality between S and (X')~! is actually the
better one to consider.

3 The full Linear-Quadratic-Gaussian (LQG) setting

Putting together inference and control, we get a Partially Observable Markov Decision Pro-
cess (POMDP). The family of continuous-space POMDPs with linear dynamics, quadratic
cost rate and Gaussian noises is called LQG. LQG is the only widely-applicable class of
POMDPs for which we have a complete analytic solution.

The dynamics now include the control signal

Tip1 = Axy + Bug + wy wy ~N(0,%,).
This is like stochastic control, but observability is now partial

yt:C'xt—H,bt ¢t~N<O,Ew>.



So we need both an inference policy, which we already suspect will optimally be linear
Ty = Gy + Ky,

and a control policy, which we also suspect will optimally be linear, but can now only depend
on the belief, not directly on the hidden state

Uy = Ltjjt-

This set of 4 equations completely determines the stochastic dynamics of the entire system,
and our objective is to minimize a total cost with the same rate

c(xy,uy) = %azl@xt + %uIRut.

The sufficient Bayesian inference is just like before, except we have an additional control
term Bu,; to take into account. When the control signal is given, either nominally or as a
function of the estimator, it adds a constant drift to the process, affecting the mean but not
the posterior covariance. We now have the prediction

&, = Ai, + Bu,
and the update
QAft = Ai't_l + But_l + Ktet = ([ — KtC)(AZi’t_l + But_l) + Ktyt;

with the same K, and 3, as before.

The cost-to-go J can be expressed in terms of the state of the system, which consists of
both the world state x; and the memory state, the estimator z;. In principle, the memory
state is a belief state, so it also includes the posterior covariance 3;. However, we saw that
¥, doesn’t depend on any actual states or observations, so it’s not a random variable, and
any dependence on it is just in the form of the cost-to-go function 7, which is now

T-1
Ti(@n,dru) = Y Ble(wr, ur) |z, @] = Ble(w, u) + Frpr (@, B, w) |7, 24

T=t

There’s a delicate point here which is often glossed over. It’s important that we took
the full system state in this recursive equation. Given (x;,Z;), the past and the future of
the process are completely independent, so the recursive term E[J1(2p1, Tre1, w)|xe, T¢)
properly describes the dynamics of the process. If we tried, for example, to write down a
recursive equation for the expected cost given only the world state, we would get

BT (x4, 24, u) 2] = Elc(xy, w) + Tev1 (Tog1, Tegr, w)|ze].

We can’t directly compute the last term from the recursive term E[J 1 (2441, Trp1, w)|2i41],
because x; and Z;,1 are not independent given x; .

On the other hand, taking the full state in the Bellman equation for J* is incorrect as
well. The minimum in the Bellman equation is taken given the specific state for which we
optimize, but u; can’t be optimized for (zy, %;), because it can only depend on ;.

6



The trick is that the cost recursion can be written in terms of Z; alone, when the inference
is sufficient. We have

Ti(&e,u) = BlTi(z4, &4, u)|24] = Elc(ze, w) + Tos1 (o1, Bepr, w)| 4]
= Elc(zy, ug) + jt+1(jt+1)|§3t]»

where the last step follows from the fact that z;,, is a sufficient statistic of the observable
history for x;,1, and so x;,1 only depends on the previous estimator z; through the updated
estimator ;.

The Bellman equation is now

"715* (it) = min I} x| Ze~N(24,50) [C(mtﬂ ut) + tytj-l(iwl)]-
Ut ey |#~N(0,05],  CT+3y)

As we did in LQR, we’ll assume and prove by induction that
JH(2y) = %itTStit + J7(0).
Then

L7t* (Zi’t) =minE Te| B ~N (84,5¢) [%xl@xt + %UgRUt + %il(Aint + But + Kt+1€t+1)]
Ut e 1|E~N(0,02), CT+Ey)
= min( Q1 + 1uIRut + = (A:ct + Buy)"Si1 (A + Buy))
ut
+3 tr(Q %) + 2 tr(StHKtH(C E:H-l CT + X)) K y) + J54(0).

Interestingly, we have the same optimal control as in LQR, this time as a function of the
estimator z, instead of the actual (now hidden) state x;

u = L2y
Lt - —(R + BTSt+1B)_1BTSt+1A.

The cost Hessian S; is also the same, obtained recursively by the same Ricatti equation as
in LQR

= Q+ AY(Sy11 — Sen B(R + BTS,1B) ' BTS,.1) A.

The only difference is that we have an additional constant uncontrollable noise—cost term
T
— %Z (tr(Q X)) + tr(Srp1 K1 (CEL,, CT 4+ 2K, ).

Substituting the optimal control in the equations for sufficient inference, we get the linear
inference step

Gt = (I - KtC)<A + BLt)
K, =% CT(C Y, 0T +%,) 71,



with the same 3} as in LQE and the same Kalman gain. We can rewrite the constant
noise—cost term as

J7(0) =5 2, (tr(QEr) + t2(Sria X7y CT(C XL, CT 4+ 5y) 7' C' 5 y))

=

t

T

=

(tr(Q ) + tr(Srr (L, — ).

1
2

T=t

In fully-observable stochastic control, the constant cost term represented the cost-to-go of
the process noise. Here it breaks additively into two dual parts: the immediate cost of the
uncertainty in x; accumulated from the past, and the future cost-to-go of the uncertainty
that the immediate observation noise adds to ;.

In infinite horizon, the cost rate converges to

Lr(Q) + Ltr(S(X - 3))),

where S and Y’ each solves its own algebraic Ricatti equation, and ¥ is computed from X'

The fact that in LQG we have the same cost Hessian and feedback gain as in LQR,
and the same estimator covariance and Kalman gain as in LQE, means that the control
and estimation parts of LQG can be optimized separately. This separation principle is
essentially unique to LQG, and is largely responsible for it being a useful model in a variety
of applications.
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